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Singular-value decomposition
   It is shown [1–3] that any non-square mxn (m > n) complex matrix 
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 can be factorized as:
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where 
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 is an mxm complex unitary matrix, 
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 an mxn rectangular diagonal matrix with non-negative real numbers on the diagonal sorted in descending order (
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 and 
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 are of the same dimensions) and 
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 (the conjugate transpose of 
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) an nxn complex unitary matrix. The diagonal entries 
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 for short) are called singular values of 
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 is called the left singular vector matrix and 
[image: image15.wmf]V

 the right singular vector matrix. Another decomposition [4] is possible for 
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   As NMR time-domain signal is recorded in quadrature detection, the matrix elements of the Hankel matrix 
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 are complex numbers. We provide a first program [5] that uses the programming language Java. It includes a Java package for matrix computations called JAMPACK (JAva Matrix PACKage) developed by Stewart [6]. This package implements the SVD of double-precision complex matrix. Our program executes in any operating system containing a Java virtual machine. We also provide a second program [7] executing only in Windows-system computer equipped with modern GPU that dramatically improves the SVD execution performance. SVD procedure with single-precision complex numbers for GPU is freely distributed by CULA [8]. We compare our two programs in 64-bit Windows-7 operating system using an HP Z400 workstation equipped with Intel Xeon W3530 quad-core processor and an Nvidia Quadro 4000 GPU. The results are shown in Table S1. For typical condition in solid state NMR, SVD of 1048X1000 Hankel complex matrix requires only 2 s instead of 80 s without GPU.
29Si MAS of Y zeolite
   One-pulse 29Si MAS experiments of Y zeolite (LZY-64) were recorder with number of scans NS (= 56) per experiment, 10-s recycle delay, 
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 pulse-flip angle, 8-kHz rotor speed and TD = 2048.
   Fig. S1A shows 29Si MAS spectra of Y zeolite [9] for increasing NS values. As a result, the S/N ratio increases with the machine time. It consists of the five Q4 species of 29Si atoms: Si(zAl) with z = 4, 3, 2, 1 and 0. A Si(zAl) species signifies a silicon atom bonded to z aluminium atoms and 4 – z silicon atoms via bridging oxygen. These five species are located respectively at 85.5, 90.3, 95.1, 100.5 and 105.6 ppm. Si(4Al) peak has very weak amplitude.
   Fig. S1B shows SVD denoised spectra of that acquired with NS = 8400 or 23 h of machine time for increasing values of NSVD. The spectrum is recovered with NSVD 
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 4, the number of 29Si peaks in the spectrum being five.
   Fig. S1C shows the denoised spectra of those shown in Fig. S1A by keeping the first ten singular values. It is clearly shown that the S/N ratio of denoised spectra acquired for one hour machine time (e and f) is as good as that acquired for 23 h machine time without SVD denoising (Fig. S1A-g). Thanks to SVD denoising, 29Si MAS spectra present better defined base line. As a result, the decomposition of 29Si spectrum into different species is facilitated. The corresponding framework Si/Al ratio of Y zeolite is defined by
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where 
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 symbolises the integrated intensity of silicon species. It is reported in Table S2. It is ~2.5.
29Si MAS QCPMG of hybrid materials
   With modern NMR spectrometers, it is possible to acquire a free induction decay (FID) followed by an echo train of 29Si, which allows us to improve its S/N ratio by co-adding the FID with the echoes. Due to the different spin-spin relaxation times of 29Si associated with its different species, only a few echoes [10] are needed if quantitative data such as the T/Q ratio in hybrid materials are required.
   Consider the time-domain signal consisted of an FID followed by an echo train of 29Si in hybrid materials whose SVD denoised spikelet spectrum is shown in Fig 5A. In conventional denoising procedure, the FID and each echo should be first isolated from each other in separated data files. Then, the FID is LB denoised and each echo is multiplied with a sine bell filter for denoising. In our case, the time-domain signal (FID and echo train) was denoised in a single processing procedure using NSVD = 25, the latter being the number of peaks in the spikelet spectrum.
   Fig. S2A shows the proton decoupled 29Si spectra of hybrid materials, Fourier transforms of the FID with more and more co-added echoes, acquired with 12 h of machine time. Fig. S2B shows denoised spectra of Fig. S2A. Similarly, Fig. S2C and D correspond to a machine time of 60 h. The T/Q ratios deduced from non-denoised and SVD denoised spectrum decomposition are reported in Table S3. This ratio remains nearly constant when the FID and the first two echoes are considered. It is about 0.19 from non-denoised spectra acquired with 12 h of machine time. It is about 0.23 from non-denoised spectra acquired with 60 h of machine time. The same ratio (0.23) is deduced from SVD denoised spectra acquired with 12 h and 60 h of machine time. This ratio decreases from 0.23 to 0.07 when the number of echoes increases from 2 to 7. This means that the spin-spin relaxation times of T species are shorter than those of Q species. Thanks to SVD denoising, the T/Q ratio, deduced from the time-domain signal consisted of the FID and two echoes acquired with 12 h of machine time, is reliable.
87Sr static DFS-WURST-QCPMG
   Double frequency sweeps (DFS) [11] - wideband, uniform rate and smooth truncation (WURST) [12] - QCPMG [13] echo train 87Sr experiment of Sr-malonate [14], SrCH2(COO)2, was recorded with NS = 400, 0.5-s recycle delay, 10-
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 pulse ring down, 230-
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 echo acquisition, 11.3-
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 DFS pulse, 45-
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 WURST pulse, SW = 1 MHz, 260 echoes recorded and TD = 154788. The time-domain signal provided by this pulse sequence consists of echo train only, without FID.
   Fig. S3a and b shows non-denoised spectra, the first being Fourier transformation of co-adding echoes and the second the spikelet spectrum. Fig. S3c-f shows SVD denoised spikelet spectra where the size of the FID is N = 8000 but the number of columns n of Hankel matrix increases from 400 to 700 in steps of 100, the first 80 singular values were used. These denoised spikelet spectra look similar and the S/N ratios are nearly the same. But the number of columns n of the Hankel matrix affects the SVD denoising duration of the same NMR time-domain signal. Increasing n for the same size N of time-domain signal increases the SVD denoising duration.
   The S/N ratio of Fig. S3b is not high enough to allow us to distinguish the spectrum base line with the spikelets. Some spikelets from the spectrum base line appear in Fig. S3c-f; more scans are needed to increase the S/N ratio and to cancel these unwanted spikelets.
139La static QCPMG

   QCPMG [15] echo train 139La experiment of LaCl3 [16] was recorded with NS = 8192, 0.25-s recycle delay, 30-
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-pulse, SW = 750 kHz, 15 echoes recorded and TD = 6144. The time-domain signal provided by this pulse sequence consists of echo train only, without FID.
   Fig. S4a shows non-denoised 139La spectrum consisted of 45 spikelets. The noise intensity of the spectrum base line is much lower than the intensities of spikelets. As a result, not only the spikelets are denoised but also the noise intensity of the spectrum base line outside of spikelets are reduced to zero using NSVD = 43 (Fig. S4b).
SIMPSON simulation
   Fig. S5 shows three series of static CSA and second-order quadrupole spectra simulated with SIMPSON, whose FIDs were denoised with SVD. The simulation parameters are reported in Table S4. A few first singular values were used.
Table S1
SVD execution duration (in s) with computer equipped with GPU versus the size N of an FID and the number of columns n of Hankel matrix.
	N
	n

	
	1000
	2000

	2048
	2a
	

	4096
	3b
	10

	6144
	5
	12

	8192
	7
	16

	aWithout GPU the execution duration is 80 s.

bWithout GPU the execution duration is 260 s.


Table S2
Relative proportions (%) of silicon Q4 species in Y zeolite and framework Si/Al ratio from Gaussian decomposition of 29Si MAS spectra in Fig. S1.
	Spectra
	
	Si(4Al)
	Si(3Al)
	Si(2Al)
	Si(1Al)
	Si(0Al)
	Si/Al

	Experimental
	A-d
	0
	10.9
	41.7
	39.4
	8.0
	2.54

	
	A-e
	0
	10.8
	42.4
	39.0
	7.8
	2.56

	
	A-f
	0
	9.3
	43.1
	39.8
	7.8
	2.60

	
	A-g
	1.2
	13.3
	41.4
	37.1
	7.0
	2.50

2.43a

	
	
	
	
	
	
	
	

	SVD denoised
	C-d
	0
	10.6
	42.2
	39.8
	7.4
	2.56

	
	C-e
	0
	10.9
	42.6
	39.2
	7.3
	2.55

	
	C-f
	0
	9.9
	42.5
	39.6
	8.0
	2.60

	
	C-g
	1.1
	13.2
	41.2
	37.3
	7.2
	2.51

2.44a

	aSi(4Al) signal is taken into account.


Table S3
Relative proportions of silicon species and T/Q ratio from high-power proton decoupled 29Si MAS QCPMG spectra of hybrid materials in Fig. S2.
	Spectra
	
	Number of echoes
	T2(%)
	T3(%)
	Q2(%)
	Q3(%)
	Q4(%)
	T/Q

	Experimental
	A-a
	FID
	7.1
	9.0
	4.7
	43.1
	36.2
	0.19

	
	A-b
	1
	6.5
	8.9
	4.6
	44.9
	35.2
	0.18

	
	A-c
	2
	7.2
	9.8
	4.8
	43.4
	34.7
	0.21

	
	A-d
	3
	6.5
	10.0
	4.7
	43.2
	35.6
	0.20

	
	A-e
	4
	5.7
	9.4
	4.3
	44.0
	36.7
	0.18

	
	A-f
	5
	4.0
	8.2
	4.1
	46.3
	37.4
	0.14

	
	A-g
	6
	3.0
	6.8
	4.1
	47.3
	38.7
	0.11

	
	A-h
	7
	2.2
	5.1
	3.7
	49.5
	39.5
	0.08

	
	
	
	
	
	
	
	
	

	
	C-a
	FID
	7.9
	10.6
	5.2
	44.1
	32.1
	0.24

	
	C-b
	1
	8.4
	10.4
	5.2
	42.6
	33.4
	0.23

	
	C-c
	2
	7.8
	10.4
	4.9
	42.5
	34.5
	0.22

	
	C-d
	3
	6.7
	10.1
	4.7
	42.2
	36.3
	0.20

	
	C-e
	4
	5.4
	9.2
	4.8
	43.1
	37.4
	0.17

	
	C-f
	5
	3.8
	8.3
	4.5
	44.8
	38.7
	0.14

	
	C-g
	6
	2.7
	6.4
	4.4
	46.5
	40.0
	0.10

	
	C-h
	7
	2.1
	5.0
	4.5
	48.1
	40.4
	0.08

	
	
	
	
	
	
	
	
	

	SVD denoised
	B-a
	FID
	7.0
	10.4
	7.5
	42.2
	32.8
	0.21

	
	B-b
	1
	8.6
	10.1
	5.7
	42.0
	33.7
	0.23

	
	B-c
	2
	8.1
	10.5
	5.4
	41.9
	34.1
	0.23

	
	B-d
	3
	6.6
	10.1
	5.0
	43.0
	35.3
	0.20

	
	B-e
	4
	5.1
	8.9
	4.8
	44.4
	36.8
	0.16

	
	B-f
	5
	3.5
	7.1
	4.2
	47.0
	38.1
	0.12

	
	B-g
	6
	2.6
	5.4
	4.4
	48.3
	39.3
	0.09

	
	B-h
	7
	2.1
	3.9
	3.9
	50.2
	39.8
	0.06

	
	
	
	
	
	
	
	
	

	
	D-a
	FID
	8.5
	10.6
	6.2
	42.6
	32.1
	0.24

	
	D-b
	1
	8.3
	10.4
	5.4
	42.2
	33.8
	0.23

	
	D-c
	2
	7.9
	10.5
	5.3
	41.7
	34.6
	0.23

	
	D-d
	3
	7.1
	9.8
	5.2
	42.0
	35.9
	0.20

	
	D-e
	4
	5.3
	8.7
	4.8
	43.5
	37.6
	0.16

	
	D-f
	5
	4.1
	7.5
	4.8
	44.7
	38.9
	0.13

	
	D-g
	6
	2.8
	5.7
	4.7
	46.4
	40.3
	0.09

	
	D-h
	7
	2.3
	4.4
	4.6
	47.7
	41.0
	0.07


Table S4
SIMPSON simulation parameters for spectra in Fig. S5.
	Figure
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	A
	15
	0
	0.8
	5
	60
	65
	
	0.9
	0.3

	B
	0
	15.4
	0.2
	0
	0
	0
	
	1.15
	0.8

	Cb
	0
	15.4
	0.2
	0
	45
	90
	
	1.15
	0.8

	aThe nucleus is 43Ca, I = 7/2, whose Larmor frequency is 26.96 MHz.

bCrystal_file zcw4180 and number of points np = 512 instead of zcw986 and np = 256 used for simulations A and B.
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Fig. S1.  29Si MAS spectra of Y zeolite (LZY-64): (A) Spectra acquired with (a) 56 scans or 10 min of machine time; (b) 112 scans, 19 min; (c) 168 scans, 28 min; (d) 224 scans, 37 min; (e) 280 scans, 47 min; (f) 336 scans, 56 min; (g) 8400 scans, 23 h. (B) Denoised spectra acquired with 8400 scans or 23 h of machine time, where the first 1 (a), 2 (b), 3 (c), 4 (d), 5 (e) and 10 (f) singular values were considered. (C) Spectra shown in (A) denoised with the first 10 singular values.
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Fig. S2.  TPPM-15 high-power proton decoupled 29Si MAS QCPMG spectra of hybrid material: (A) Spectra acquired with 240 scans or 12 h of machine time, Fourier transformed of the FID alone (a), the FID and 1 (b), 2 (c), 3 (d), 4 (e), 5 (f), 6 (g) or 7 (h) co-added echoes. (B) Spectra shown in (A) where the FID and echo train signal were denoised with the first 25 singular values. (C) Spectra acquired with 1200 scans or 60 h of machine time, Fourier transformed of the FID alone (a), the FID and 1 (b), 2 (c), 3 (d), 4 (e), 5 (f), 6 (g) or 7 (h) co-added echoes. (D) Spectra shown in (C) where the FID and echo train signal were denoised with the first 25 singular values.
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Fig. S3.  87Sr static spectra acquired with DFS-WURST-QCPMG sequence: (a) spectrum from co-adding echoes; (b) non-denoised spikelet spectrum; denoised spikelet spectra using 7600X400 (c), 7500X500 (d), 7400X600 (e) and 7300X700 (f) Hankel matrices; the first 80 singular values were considered. The SVD durations without GPU were 4.75 (c), 6.25 (d), 7.00 (e) and 9.50 min (f).
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Fig. S4.  139La static spikelet spectra of LaCl3 acquired with QCPMG sequence: (a) non-denoised spectrum composed of 45 spikelets; (b) denoised spectrum using NSVD = 43.
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Fig. S5.  SIMPSON simulated static CSA and second-order quadrupole spectra with parameters defined in Table S4: (A) (a) non-denoised spectrum; spectra denoised with the first 1 (b), 2 (c), 3 (d) and 4 (e) singular values; (f) twice with the first 3 singular values; (g) superposition of (a) and (f). (B) (a) non-denoised spectrum; spectra denoised with the first 1 (b), 2 (c), 3 (d) and 4 (e) singular values; (f) twice with the first 4 singular values; (g) superposition of (a) and (f). (C): (a) non-denoised spectrum; spectra denoised with the first 1 (b), 2 (c), 3 (d), 4 (e) and 5 (f) singular values; (g) the first 5 singular values where 
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 = 0; (h) the first 5 singular values where 
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 = 0; (i) is (h)-processing followed by (f)-processing; (j) superposition of (a) and (i).
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